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Let ω ∈ IR s → IR >0 denote some bounded continuous weight function taking positive values
everywhere, such that additionally∫

IR s
ω(x1, . . . , xs) dx = 1

holds. For the sake of brevity we use the notation dx to express dx1dx2 . . . dxs. Now let

‖g‖ω :=
∫
IR s

ω(x1, . . . , xs)|g(x1, . . . , xs)| dx (g ∈ C(IR s)) .

Theorem 1 There exists an effectively computable polynomial P (x, t0, . . . , t5) ∈ ZZ [x, t0, . . . , t5]
having the following property.
Let s ≥ 1 be some integer, let f ∈ IR s → IR be some continuous function defined on IR s and
let ε be some arbitrary positive number. Then a series H ∈ C∞(IR s) of analytic functions
Hr ∈ Cω(IR s) exists, say

H(x1, . . . , xs) =
∞∑

r=1

Hr(x1, . . . , xs) (xν ∈ IR ; ν = 1, . . . , s) ,

such that ‖f −H‖ω < ε holds, and every analytic function Hr solves the system of partial
differential equations

P
(
xσ ; Hr ,

δHr

δxσ

, . . . ,
δ5Hr

δx5
σ

)
= 0 (σ = 1, . . . , s) . (1)

A specific polynomial P (x, t0, . . . , t5) is homogeneous of degree 16 in its variables t0, . . . , t5,
and it consists of 575 terms of the form

a · xb · tc00 · . . . · tc55 (a, b, c0, . . . , c5 ∈ ZZ ; b, c0, . . . , c5 ≥ 0 ; c0 + . . . + c5 = 16) .

Using standard arguments it follows easily from (1) that Hr also satisfies a system of au-
tonomous partial differential equations of order six.


