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Let
51 =0, sp=1+1/24+...+1/(n—1) —logn (n>2).

In 1995, the author ! has found a series transformation of the type Y7, o7 Skr With
integer coefficients i, 1 -, from which geometric convergence to Euler’s constant v for 7 =
O(n) results. In recently published papers T.Rivoal and Kh. and T.Hessami Pilehrood
have generalized this result. In the present paper we introduce a series transformation
> b0 Mk Sk+r, With two parameters 7, and 7 satistying 1 +1 < 7 < n+ 7 + 1, and
integer coefficients p, . -,. By applying the analysis of the v - function, we prove a sharp
bound for |S — ~v|. A similar result holds for generalized Stieltjes constants. Let a > 0 be a
real number, and let
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a+1 a+2 a+3 " a+n-1

s1(a) =0, sp(a) = ( )—10g(a+n) (n>2).

The sequence (s,(a)),,, is convergent for any real number a > 0:

lim s,(a) = o(a) -~ |

n—oo a
where 7o(a) are known as generalized Stieltjes constants of order 0, i.e.

_Ma)
[(a)

Yo(a) == = —VU(a) .

Particularly, we have for a = 0:

n—oo 0

lim s,(0) = }Llip <f)/0(a) - cll) = .

Our main results are given by the following theorems:
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Theorem 1 Letn > 1, 71 > 1 and 75 > 1 be integers. Additionally we assume that
1 + T1 S T2 .

Then one has

> (- (" it k) (2) (@)~ (200 - 1) |

n a
_ /1 1 + 1 . ua+T2*TI*1 . d" un+7’1<1 B u)n du .
o \1—u logu du™ n!

Theorem 2 Letn > 1, 71 > 1 and 75 > 1 be integers. Additionally we assume that

1+ < <l4+n+mn.

> o () (1) s -

Then one has

k=0 n
1 ,1 1 — n+71, n 1—¢ 7’2—7'1—1tn+71—7'2+1
:/ / w(t)'< u) )n+1 dudt

o Jo (1 — ut)

with ]
w(t) = .
) t.(7r2—|—10g2(%—1)>

Setting

n =" =dn, n=(d-1m-1 (d>2),
we get an explicit upper bound from Theorem 2:

Corollary 1 For integers m > 2, d > 3, we have

m—2

dm dmak [(2d —=1)m +k —1\ (dm 4
kgo(—l) k<( )dm+ )( L ) + Spam (0) —W’ < Cq- (d_f§4d :

where 0 < Cyq < 1/1672 is some constant depending only on d. For d = 2 one gets

f(—nk(?’m%_l)(?)-sk+2m(0)—v‘ < (;i) Gim (m=>1).

= 2m




Our method can be modified to work in general for series transformations connected with
Ser-type formulas like

> T'(m) 1 > T'(m)
— °n = tm d — °n - = 7tm
o0 = £ -0 - £ 00
with rational numbers t,,,; defined by
1 1
tpost = —f-/ (o)1 —2)2—2) ... -(m—1—2)dz  (m>1).
m! Jo

Then, in the case of v, we apply the Mellin - Barnes integral representation of the 3F; -
function, and use different combinatorial identities. Following this different approach, which
is more technically than the method used below, we get somewhat weaker results than that
ones stated in Theorem 2 and Corollary 1:

Let n > 1, 7 > 1 and 5 > 1 be integers. Additionally we assume that

T1+1 STQ §n+71+1.

£ () () |

k=0 n

(TQ — 1)‘(” + Tl)!<n + T — T+ 1)'
< - max
2(n+7m — 1 +2)2n+7m + 1)In! 0<z<i

Then one has

T2 -l (n—m+1),(n+mn+1),
1—0 l!(Tl + 1)l

n+m1 —Ty+ 2 n+mn-—T+2—-x n—I1+1
X3F2 1 ‘
2n—i—7'1—|—2 n+T1—7'2+3

For n = 7 = 2m, 1 = m — 1 we then have for every integer m > 1 that

22’”: (_1)k(3m +k— 1) <2;€n> Sra ‘
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=5 1C(2) = g 2 " Jo Jo (1—wz)2m+1 wdz < G
where , o
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m = —1)F . — .
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Here a Beuker’s type integral for {(2) pops up.



