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Let Ek,l(α) =
∑

qm≡l (mod k) |qmα− pm| be error sum functions formed by convergents pm/qm

(m ≥ 0) of a real number α satisfying the arithmetical condition qm ≡ l (mod k) with 0 ≤
l < k. The functions Ek,l are Riemann-integrable on [0, 1], so that the integrals

∫ 1

0
Ek,l(α) dα

exist as the arithmetical means of the functions Ek,l on [0, 1]. We express these integrals
by multiple sums on rational terms and prove upper and lower bounds. In the case when
l vanishes (i.e., k divides qm) and when the smallest prime divisor p1 of k = pa1

1 pa2
2 · · · pat

t

satisfies p1 > kε for some positive real number ε, we have found an asymptotic expansion in

terms of k, namely
∫ 1

0
Ek,0(α) dα = ζ(2)

(
2ζ(3)k2

)−1
+ O

(
3tk−2−ε

)
. This result includes all

integers k which are of the form k = pa for primes p and integers a ≥ 1.
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